We generalize the two-loop renormalization group equations for the parameters of the softly broken SUSY gauge theories given in the literature to the most general case when the gauge group contains more than a single abelian gauge factor. The complete method is illustrated at two-loop within a specific example and compared to some of the previously proposed partial treatments.
I. INTRODUCTION
Since the advent of the renormalization group (RG) techniques [1] [2] [3] [4] , a lot of effort has been put into the calculation of the β-functions and anomalous dimensions of specific theories. For instance, full-fledged two-loop formulae for non-supersymmetric gauge models became available as early as in 1984 thanks to the seminal works by Machacek and Vaughn [5] [6] [7] . In the context of supersymmetry (SUSY), the need to adopt the existing machinery for the soft SUSY-breaking sector postponed the arrival of the first generic two-loop results for about ten years [8] [9] [10] [11] [12] [13] [14] [15] . Since then, there have even been attempts to go beyond two loops in the literature, c.f., [16, 17] .
For the sake of simplicity, in many of the pioneering works the gauge group was assumed to contain at most one abelian gauge factor. The point is that with more than a single gauged U (1) in play, a new qualitative feature requiring a dedicated treatment emerges. This is due to the fact that abelian field tensors F µν are not only gauge-covariant but rather gauge-invariant quantities and, thus, unlike the non-abelian ones, they can contract among each other without violating gauge invariance, giving rise to off-diagonal kinetic terms [18, 19] .
Moreover, even if such terms happen to be absent from the tree level Lagrangian at a certain scale, they are in general re-introduced by the renormalization-group evolution [20, 21] . The reason is that the anomalous dimension γ driving the relevant renormalization group equations (RGEs) are in general non-diagonal symmetric matrices in the gauge-field space, thus giving rise to off-diagonal corrections to the gauge boson propagators. These, in turn, require extra counterterms in order to retain renormalizability.
Actually, there are several exceptions to this basic rule. For instance, it can be that all the relevant U (1) couplings originate from a common gauge factor and, thus, barring threshold effects, all of them happen to be equal at a certain scale. In such a case, accidentally, the charges and the gauge fields can be simultaneously rotated at the one-loop level so that no off-diagonalities pop up in γ [10, 20] and one can use the simple form of the RGEs for individual gauge couplings. This is relatively easy to implement in the non-SUSY case where only the gauge sector has to be taken into account; the only price to be paid is the presence of continuous charges in the game.
In supersymmetry, the U (1) gaugino soft masses can also mix, and thus one has to deal with the nondiagonalities in the gaugino sector too. Again, the rotated basis can be helpful if both , gaugino masses and gauge couplings, unify at the same scale. However, this method is consistent only at the one-loop level where the evolution equations for the gauge couplings and gaugino soft masses essentially coincide. At two loops, Yukawa couplings and trilinear soft SUSY breaking couplings enter and the relevant algebraic structures are independent of each other which, in turn, renders this approach useless.
For the non-SUSY gauge theories, the full generalization of the original two-loop results for gauge groups with at most a single U (1) factor to the case with multiple U (1)'s has been formulated relatively recently, see, e.g., [22] and dedicated two-loop studies focusing on such effects in the context of, e.g., grand unified theories (GUTs) are available [23] . However, for the softlybroken SUSY gauge theories, the general two-loop evolution equations for the soft-breaking parameters in presence of the U (1)-mixing effects have not yet been given. 1 In this study, we aim to fill this gap by presenting a set of substitution rules which generalize the results of [10, 11] to the case where the gauge group involves more than a single abelian gauge factor.
The practical applications of these results are manifold. For instance, in SUSY GUTs featuring an extended intermediate U (1) R × U (1) B−L stage, see e.g. [25] , the U (1)-mixing effects can shift the effective MSSM bino soft mass by several per cent with respect to the naïve estimate where such effects are neglected. In principle, this can have non-negligible effects for the the low-energy phenomenology. In this respect, let us just mention that the theories with a gauged U (1) B−L surviving down to the proximity of the soft SUSY-breaking scale have become rather popular recently due to their interesting implications for the R-parity and the mechanism of its spontaneous violation [26] [27] [28] , for Leptogenesis [29, 30] , etc.
This work is organized as follows: In Sect. II we recapitulate the salient features of gauge theories with several abelian gauge factor focusing namely on the different renormalization conventions. A specific scheme in which the desired generalization of [10] can be carried out in a particularly efficient way is identified. In Sect. III the relevant substitution rules upgrading those in [10] to the most general form are given and the methods for resolving some ambiguities emerging throughout their derivation are briefly commented upon. In Sect. IV we discuss illustrate the the importance of the kinetic mixing effects in a pair of specific models, focusing namely on the comparison between the "rotated basis" method advocated in [10] and the full-fledged two-loop treatment. Then we conclude. For the sake of completeness, we add a set of appendices: some technical details of the renormalization scheme definition are given in Appendix A; the basic formulae of [10] for a simple gauge group and their generalization to the case with product groups can be found in Appendix B. In Appendix C, the interested reader can find details of the derivation of our main results presented in Sect. III. Finally, Appendix D is devoted to several remarks on the gauge and gaugino matching in theories with multiple U (1) gauge factors.
II. METHODS
As mentioned in the introduction, going from a single-U (1) to the multiple-U (1) case is not straightforward as it generally amounts to a qualitative change in the Lagrangian. In particular, there is a need for an extra set of counterterms which, in simple words, keep the renormalized off-diagonal two-point Green's functions in the gauge sector finite. This, however, implies that the renormalized Lagrangian must contain a structure connecting the field tensors associated to different U (1)'s in the gaugekinetic terms, namely
where the different field tensors have been grouped into an n-dimensional vector F µν (with n denoting the number of independent gauged U (1) factors) and ξ is an n×n real and symmetric matrix. This amounts to 1 2 n(n − 1) extra dynamical parameters. These quantities are then governed by a new set of evolution equations which have to be added to those governing the individual gauge couplings and other relevant parameters such as Yukawas etc. This, indeed, is the method adopted in some of the first studies of the subject, see, e.g., [22] .
Alternatively, one can work in a renormalization scheme in which the ξ-term in Eq. (1) is transformed out by a suitable redefinition of the gauge fields, namely,
which also leads to the canonical normalization of the gauge fields. This, indeed, affects the interaction part of the covariant derivative
whereG is the original diagonal matrix 2 of n individual gauge couplings associated to the n abelian gauge factors and Q i is the vector 3 of the relevant U (1) charges. Similarly, the gauge-kinetic counterterm is transformed
where the subscript B denotes bare quantities and Z
1/2
A is the original (diagonal) gauge-field renormalization factor
A A. Hence, the ξ −1/2 factor can be subsumed into a new set of 1 2 n(n − 1) "effective" gauge couplings whose combinations populate the off-diagonal entries of an "extended gauge-coupling matrix"
and a suitably redefined gauge-kinetic counterterm. Thus, in this scheme, the off-diagonality in the gaugekinetic part of the renormalized Lagrangian is absorbed by the covariant derivative, while the gauge-kinetic counterterm δZÃ is naturally off-diagonal in order to absorb the divergences in the off-diagonal two-point functions. Moreover, the simple QED-like relation between the bare and renormalized abelian gauge coupling matrices (omitting the tildes)
remains intact because the relevant Ward identities that lead to the cancellation of Z ψ and the Z G factors, c.f., Eq. (A9), follow from the gauge invariance. Therefore, it is sufficient to work with a matrix-like gauge-coupling structure forgetting entirely about the ξ-origin of its offdiagonal entries.
This strategy, which is entirely equivalent to the former one with a dynamical ξ, is much more suitable for our task because it essentially amounts to replacing all the polynomials including individual gauge couplings in [10] by the relevant matrix structures, with no need 4 to deal with the evolution equations for the ξ matrix not discussed here.
2 with indices in the group and gauge-field spaces, respectively 3 with a lower index assigning the corresponding matter-field 4 Obviously, no information is lost so one can obtain the relevant RGEs for ξ components from the ones with the matrix-like gauge couplings. Indeed, the number of the off-diagonal entries in ξ is the same like the number of independent physical parameters governing the off-diagonal entries of G; here one has to take into account the freedom to bring G into a triangular form by a suitable redefinition of the U (1) charges.
This, however, is not entirely straightforward in practice. Indeed, the commutativity of c-numbers has been widely used in [10] in order to cast their results in a compact form. Thus, one has to be very careful to avoid ambiguities stemming from the generic non-commutativity of the matrix-like G's. Furthermore, also the abelian gaugino soft masses have to be arranged into a matrix structure M , which brings in an extra complication.
In doing so, an invaluable key is provided by some of the residual reparametrization symmetries of the renormalized Lagrangian. In particular,
where O 1 and O 2 are arbitrary orthogonal matrices acting in the group and gauge-field spaces, respectively, leave the interaction part of the covariant derivative Q T i GA invariant. Under the same set of transformations, the gaugino mass matrix is rotated to
Naturally, these symmetries must be reflected at the RGE level. Thus, for instance, only those combinations C of G and γ ∝ i Q i Q T i that transform as C → O 1 CO T 2 are allowed to enter the right-hand side of the renormalization group equation for G. However, at one-loop level, there is only one structure involving a third power of G and one power of γ that can come up from a matter-field loop in the gauge propagator, namely GG T γG, so one immediately concludes that
The proportionality coefficient is trivially obtained by matching this to the single-U (1) case. This also illustrates that it is more convenient to work in the scheme with off-diagonal G than in the scheme with a non-trivial ξ, simply because the transformation properties of G (which is a general real matrix) are more restrictive than the transformation properties of ξ (which is symmetric). However, at two loop-level this becomes more complicated because then, for instance, all gauge couplings including those corresponding to the semi-simple part of the total gauge group mix among each other and/or with the relevant gaugino masses. Next, different Feynmangraph topologies can be subsumed under the same specific term in [10, 11] and, hence, ambiguities must be resolved, which often require some amount of a "reverse engineering".
Nevertheless, as we shall demonstrate in the next section, all such ambiguities, if properly traced back to the original diagrams, can be sorted out and a clear and elegant picture emerges.
III. RESULTS
In this section, we shall describe the generic method of constructing the fully general two-loop RGEs for softlybroken supersymmetric gauge theories out of the results of [10, 11] relevant to the case of at most a single abelian gauge-group factor. For the sake of completeness, the relevant formulae for the cases of (i) a simple gauge group and (ii) the product of several simple factors with at most a single U (1) are reiterated in Appendices B 1 and B 2, respectively. The computation has been done using the DR ′ scheme defined in [13] .
A. Notation and conventions
The gauge group is taken to be
where the G X 's are simple groups. We shall use uppercase indices for simple group-factors only; lowercase indices are used either for all groups or, in some specific cases, for U (1)s only 5 . As mentioned before, the U (1) sector should be treated as a whole and described in terms of a general real n × n gauge-coupling matrix G, an n × n symmetric soft-SUSY breaking gaugino massmatrix M and a column vector of charges Q i for each chiral supermultiplet Φ i . Notice, however, that
for each i are the only combinations of Q i and G which appear in the Lagrangian and, thus, all the general RGEs can be, in principle, written in terms of V 's and M only. We shall follow this convention with a single exception of the evolution equations for the gauge couplings which are traditionally written in terms of dG/d log t rather than dV /d log t -indeed, in this case we shall adhere to the usual practice. As a consequence, we expect an isolated G popping up in these equations. 5 This will be evident from the context; we follow as closely as possible [10] and when quoting results contained therein, the a and b indices go over all groups (simple and U (1) groups). On other occasions, when referring to particular components of the U (1)-related G, M and V matrices and vectors, a and b stretch over the U (1) groups only.
Before proceeding any further we shall define some of the expressions that are used in the RGEs:
• C a (i): Quadratic Casimir invariant of the representation of superfield Φ i under the group G a ;
• C (G a ): Quadratic Casimir invariant of the adjoint representation of group G a ;
• S a (i): Dynkin index of the representation of superfield Φ i under the group G a ;
• d a (i): Dimension of the representation of Φ i under the group G a ;
In addition, sometimes one has to deal with the explicit representation matrices of the gauge groups (denoted in [10] by t Aj i ). Notice that here A is not a group index but rather a coordinate in the adjoint representation of the corresponding Lie algebra, (e.g., A = 1, ..,
Naturally, whenever we refer to results of refs. [10, 11] for a simple gauge group (collected in Appendix B 1), the a and b indices will be omitted. In all cases, repeated indices are not implicitly summed over.
B. Constructing the general substitution rules
Let us now sketch in more detail the general strategy for upgrading the "product" substitution rules of Sect. III in ref. [10] to the most general case of an arbitrary gauge group. For sake of simplicity, we shall focus on a limited number of terms here; the interested reader can find a more elaborate exemplification of the basic procedure in Appendix C.
Let us begin with, e.g., the term g 2 C (r) appearing for instance in Eq. B3 and, subsequently, in the substitution rules of [10] for product groups, Eq. B34. It is clear that this has to be replaced by A g
can only take the form
There is no other way to obtain a number from two vectors V r . Remarkably, this expression sums automatically the contributions of all the U (1)'s. Similarly, M g 2 C (r) (in Eq. B15 for example) is replaced by A M A g In fact, this simple procedure allows us to generalize many of the terms in the RGEs of [10, 11] , Sect. II (and/or Appendix B 1). As a more involved example, consider for instance the g It is not difficult to see that all terms where the representation matrices t A appear explicitly are zero unless A corresponds to an abelian group. Hence, if for a single U (1) one has g 4 t
. The RGEs of G and M represent a bigger challenge, because they are matrix equations (i.e., the gauge indices remain open). On the other hand, this should be viewed as an advantage because all the relevant equations must then respect the reparametrization symmetries (7)- (10) . In this respect, let us reiterate Eqs. (7)- (9) which imply that V 's transform as V i → O 2 V i . These symmetries are especially powerful in the β-functions for the gauge couplings which, due to Eq. (8), inevitably take the generic form
Concerning the gaugino soft masses M , let us for instance take a look at the 2g 2 S (R) M term appearing in Eq. (B21). Its generalized variant should be, obviously, built out of a pair of V p vectors and the M matrix. However, there are only two combinations of these objects that transform correctly under
Another important ingredient of the analysis is provided by the existing substitution rules linking the case of a simple gauge group (Sect. II in [10] and/or Appendix B 1) to the settings with group products (Sect. III in [10] and/or Appendix B 2). Consider, for example, the g 5 S (R) C (R) term in (Eq. B6) which, according to [10] , gets replaced by b g
, see formula (B31) for the product groups. Let us recall that the expression S (R) C (R) has a very particular meaning -it is the sum of the Dynkin indices weighted by the quadratic Casimir invariant, so b g
. With this in mind, whenever a refers to the abelian part of the gauge group, one should replace g
However, sometimes even a detailed inspection of the underlying expressions does not admit for an unambiguous identification of its generalized form. Then, a careful analysis of the structure of the contributing Feynman diagrams is necessary. Remarkably, the number of such singular cases is rather limited and can be carried out rather efficiently, as shown in Appendix C.
C. List of substitution rules
Depending on the group sector (abelian or simple), we get different RGEs for the gauge couplings and the gaugino masses. The parameters are then either the matrices G, M or the numbers g A , M A . For the abelian sector, one obtains:
For a simple group factor G A , the substitution rules of [10] do not need to be changed except for two cases:
As for the rest of the parameters in a SUSY model, the relevant substitution rules read:
So far, several approaches to the SUSY U (1)-mixing conundrum have been proposed in the literature. Let us take a brief look at some of them and comment on their limitations as compared to the complete two-loop treatment advocated in this work.
As we have already mentioned in the Introduction, one can attempt to choose a convenient pair of bases in the U (1)-charge and gauge-field spaces for which the situation might simplify [10, 20] . For instance, it is always possible to diagonalize the one-loop anomalous dimensions
This, of course, inflicts a change on the gauge-coupling matrix G → O 1 G. However, if all the relevant U (1) gauge couplings happen to emanate from a single point, i.e., G ∝ 1 at some scale, O 1 can be passed through G and absorbed by a suitable redefinition of the gauge fields (9) where now O 2 = O 1 . This way, the one-loop evolution of G is driven by a diagonal γ ′ and the initial condition G ∝ 1 remains intact. Thus, no off-diagonalities emerge in this case and it is consistent to work with the usual RGEs for individual gauge couplings, one per each U (1) factor. This approach, however, is generally limited to the evolution with a complete U (1) unification. This is very often not the case in practice, in particular in the GUTs in which the hypercharge is a non-trivial linear combination of the relevant Cartans, such as in left-right models based on the SU (2) L ⊗ SU (2) R ⊗ U (1) B−L gauge group, see Sect. IV B. Moreover, not only gauge couplings but also the U (1) gaugino soft masses should coincide at the unification scale otherwise the method fails in the soft sector already at the one-loop level. The point is that only then the generalized one-loop correlation between the gauge couplings and the gaugino masses
ensures the gaugino mass diagonality along the unification trajectory. At the two-loop level more complicated structures such as higher powers of charges, gauge couplings, Yukawas, etc., enter the anomalous dimensions and, in general, there is no way to diagonalize simultaneously all the evolution equations. Though there is still a trick one can implement in the gauge sector if the U (1) couplings do not unify [20] , there is no general way out in the supersymmetric case for the gauginos as also discussed in [31] . Thus, a full-fledged two-loop approach as presented in this work is mandatory and, in fact, it turns out to be even technically indispensable if there happen to be more than two abelian gauge groups as, for instance, in [21] , [32] and many string-inspired constructions.
B. Simple illustrations
Let us illustrate the importance of the kinetic mixing effects in a couple of simple scenarios which exhibits all the salient features discussed above.
One-loop effects
a. Gauge couplings: We shall consider the one-loop evolution of the gauge couplings in the SUSY SO(10) model of ref. [25] in which the unified gauge symmetry is broken down to the MSSM in three steps, namely,
the corresponding breaking scales shall be denoted by M G , M R and M BL , respectively. Further details including the field contents at each of the symmetry breaking stages can be found in ref. [25] .
For our purposes, it is crucial that in this model the ratio M R /M BL can be as large as 10 10 and, hence, the U (1) mixing effects become important. Note that even a short SU (3) c ⊗ SU (2) L ⊗ SU (2) R ⊗ U (1) B−L stage is sufficient to split the g R and the g B−L gauge couplings such that the extended gauge-coupling matrix G at the M R scale is rather far from being proportional to the unit matrix. Thus, there is no way to choose the O 1 and O 2 rotation matrices such that both G and γ
are simultaneously diagonalized.
Here N = diag(1, 3/8) ensures the canonical normalization of the B − L charge within the SO(10) framework. Therefore, the one-loop evolution equation relevant to the U (1) R ⊗ U (1) B−L stage has to be matrix-like and reads in the abelian sector
where
The reason that the U (1) R ⊗ U (1) B−L stage can be so long has to do with the fact that this gauge symmetry is broken by neutral components of an SU (2) R doublet pair, namely, (1, 1, + 
where p T Y = ( 3/5, 2/5) are the coordinates of the MSSM hypercharge in the U (1) R ⊗ U (1) B−L algebra and ∆γ denotes the relevant change of the γ matrix. Therefore, at the one-loop level, the position of the M BL scale is not constrained by the low-energy data and, hence, barring other phenomenological constraints, it can be pushed as close to the MSSM scale M S as desired.
However, this simple argument works only if the U (1)-mixing effects are properly taken into account. Remarkably, if they are simply neglected, ∆γ receives only diagonal entries and α 2 . This, however, could have a large impact on, e.g., the MSSM soft spectrum [33] , and, in more general constructions, also on M G and α G , with ramifications for d = 6 proton decay etc.
Finally, let us note that the "rotated-basis" method discussed in brief in Sect. IV A is only partially successful because the g R and g B−L gauge couplings do not coincide at the M R . Indeed, the value of α Y (M Z ) = 60.93, is closer to the correct value than that received with no mixing at all, but still some 2% off the correct value.
b. Gaugino masses: In order to fully appreciate the method advocated in this work, we should look at the interplay between the gauge and the soft sector. For example, at one loop-level, a simple illustration is by equation (40) which ties the gauge couplings G together with the gaugino soft masses M . Consequently, the bino mass obeys at the scale M S
where m 1/2 is the GUT-scale gaugino soft mass matrix. From equation (44) we see that the ratio M Y (M S )/α Y (M S ) depends on whether one includes the mixing effects or not as already noticed in ref. [34] . Note that with non-universal initial conditions, i.e. m 1/2 not being proportional to the unit matrix, the p T Y m 1/2 p Y term mixes up all entries of m 1/2 . Moreover, in the special case that the abelian gauge couplings unify, even the one-loop gaugino sector evolution can be fully accounted for by the "rotated-basis" trick.
Two-loop effects
At two-loop level our method becomes already important in cases with gauge coupling unification at a certain scale. We illustrate this by taking as an example the model presented in ref. [27] where an intermediate
gauge symmetry is assumed to originate from a grand-unified framework. We assume two cases: (i) full gauge coupling unification at 2 × 10 16 GeV and (ii) a small difference of 5% between the two U (1) couplings caused by possible GUT-scale threshold effects. In the gaugino sector we assume universal boundary conditions in both cases, but the effect gets even stronger if one considers in addition threshold effects in the gaugino sector as well.
The results are given in table I. Remarkably, besides the expected equivalence of the "rotated-basis" method and the full-fledged calculation at the one-loop level, the relevant effective hypercharge gauge coupling turns out to be identical to the one obtained even at two loop-level if exact gauge couping unification is assumed. The reason is, that all additional states not present in the MSSM are charged only with respect to U (1) B−L but are neutral under the MSSM gauge group. In the gaugino sector the first deviations show up already in this case which however are only at the per-mile level. In case that one includes also threshold corrections at the GUT-scale the effects are at the percent level leading to shifts in the masses potentially measurable already at the LHC. Last but not least we remark, that the effects would be even larger if the U (1) Y would result from the breaking of U (1) R ⊗ U (1) B−L as discussed in the previous example.
V. CONCLUSIONS AND OUTLOOK
In this work, we have discussed the structure of the renormalization group equations in softly-broken supersymmetric models with more than a single abelian gauge group. Indeed, with multiple U (1) gauge factors at play, the effects of kinetic mixing among the abelian gauge fields must be taken into account in order to keep the theory renormalizable.
Though, formally, the evolution equations available in the literature do not exhibit any obvious pathologies if such subtleties are not taken into account, the calculations based on these formulas are in general incomplete and, thus, the results are internally inconsistent. This is even more pronounced in the context of SUSY models because it affects also the evolution of the soft SUSY parameters, in particular the evolution of the gaugino mass parameters.
Remarkably enough, the issue of the U (1) mixing in the softly-broken supersymmetric gauge theories has never been addressed in full generality, even at one loop. The main aim of the current study was to fill this gap and provide a fully self-consistent method for dealing with the renormalization group evolution of the gauge couplings and the soft SUSY-breaking parameters up to the twoloop level.
To this end, we have studied in detail the existing twoloop renormalization group equations valid for the case of at most a single abelian gauge factor at play given in ref. [10, 11] and extended these to account for the most general case of a gauge group with any number of U (1) Low energy values of the entries of the gauge coupling and gaugino mass matrices (gAB, MAB) and the properly fitted MSSM parameters (gY , MY ), c.f., Eqs. (D7) and (D13). We have fixed the GUT scale at 2 × 10 16 with gG = 0.72 and imposed an mSUGRA boundary condition taking m 1/2 = 500 GeV. All gaugino mass parameters are in GeV. At the one-loop level, we compare the case with no kinetic mixing effects included, the "rotated basis" and the full-fledged calculation. At the two-loop level, we include the case where gY and gBL are split at the GUT scale due to threshold corrections.
factors.
In particular, we have argued that all the U (1) mixing effects can be consistently included if the gauge couplings and the soft SUSY-breaking gaugino masses associated to the individual abelian gauge-group factors are generalized to matrices and these are then substituted into the formulae in [10, 11] in a specific manner. This, however, is a highly non-trivial enterprise, mainly due to the non-commutativity of the relevant matrix-like structures, and a number of ambiguities had to be resolved. In this respect, the residual reparametrization invariance of the covariant derivative associated to the redefinition of the abelian gauge fields turned out to be a very useful tool, yet in many cases one had to resort to a detailed analysis of the relevant Feynman diagrams.
The general method has been illustrated for two cases: (i) at one-loop level where due to an breaking of the original group two U (1) factors emerge with different gauge couplings and (ii) at the two-loop-level in a model where gauge coupling unifications occurs but where threshold corrections are taken into account. In both case we obtain effects in the percent range and we remark, that none of the previously proposed partial treatments can account for the full effects.
Last but not least, let us stress again that our results are completely generic and, as such, they do not require any specific assumptions about the charges of the chiral multiplets in the theory and/or the boundary conditions applied to the relevant gauge couplings. This makes the framework very suitable for implementation into computer algebraic codes calculating two-loop renormalization group equations in softly-broken supersymmetric gauge theories such as SARAH [35] [36] [37] and Susyno [38] . In this appendix, we comment in more detail on renormalization of abelian gauge theories, focusing on the simplest non-trivial case exhibiting the effects of kinetic mixing, namely the "QED-squared" scenario featuring two independent abelian gauge groups U (1) ⊗ U (1).
Let us start with the basic bare Lagrangian of QED 2 including an explicit kinetic-mixing term
Here ψ i are the relevant matter fields (whose number must be in general equal to or greater than the number of the abelian gauge factors otherwise there is no way to distinguish among all stipulated U (1) factors), A stands for a 2-component vector (in the group space) comprising the gauge fields associated to different U (1) factors, G stands for a (so far formal, i.e, diagonal) 2 × 2 containing the relevant pair of gauge couplings and ξ is a symmetric and real 2 × 2 matrix parametrizing the gauge-kinetic form.
1. Scheme A: a non-canonical gauge propagator and diagonal gauge couplings
Leaving ξ B in the game, one defines the renormalized and the counterterm Lagrangians as
and δZ m and δZ ψi are unimportant for our considerations. These counterterms are fixed by the renormalization conditions so that they render the renormalized Green's functions of the theory UV-finite. For a diagonal Z A and for any fixed ξ B , the off-diagonal entries in δξ cannot be matched by the right-hand side of Eq. (A5) unless ξ is a dynamical quantity. Remarkably, in this scheme the gauge coupling can be retained in a diagonal form throughout the RG evolution. This is because the relation between the bare and the renormalized couplings
can be brought into the form (trading Z A for ξ and δξ)
(which holds to all orders in perturbation theory) from where it is clear that any non-diagonal entry of the RHS of the evolution equation for G can be absorbed into ξ. So, in this scheme, ξ is a dynamical quantity while G can be kept diagonal. If, instead, ξ is absorbed by a suitable gauge-field redefinition A → ξ 1/2 A ≡Ã into matrix for the coupling constants, one is left with
B and, as before,
It is again clear that the non-diagonality inflicted on ZÃ by the renormalization conditions renders the RHS of the gauge-coupling evolution equation non-diagonal. However, in this scheme, ξ has been swallowed by the gaugefield renormalization counterterm and, as such, does not need to be treated as an extra dynamical quantity. In other words, the whole effect is accounted for by the offdiagonal form of the generalized gauge couplingG.
Appendix B: Recapitulation of the two-loop RGEs for simple groups and their products with at most one U (1)
Case A: Simple gauge group
For completeness we display here the RGEs in the case of a simply gauge group based on [10] [11] [12] . For a general N = 1 supersymmetric gauge theory with superpotential
the soft SUSY-breaking scalar terms are given by
Here we will follow [10] and assume that repeated indices are summed over. Note also that lowered indices imply conjugation (e.g., Y ijk ≡ Y ijk * ). In the notation defined in sect. III, the anomalous dimensions of the chiral superfields are given by
and the β-functions for the gauge couplings are given by
The corresponding RGEs are defined as
Here, we used t = ln Q, where Q is the renormalization scale. The β-functions for the superpotential parameters can be obtained by using superfield technique. The obtained expressions are
The expressions for trilinear, soft-breaking terms are
For the bilinear soft-breaking parameters, the expressions read
with
Finally, the RGEs for the linear soft-breaking parameters are
With these results, the list of the β-functions for all couplings is complete. Now, we turn to the RGEs for the gaugino masses, squared masses of scalars and vacuum expectation values. The result for the gaugino masses is
The one-and two-loop RGEs for the scalar mass parameters read
The RGEs for a VEV v i are proportional to the anomalous dimension of the chiral superfield whose scalar component receives the VEV
2. Product groups with at most one U (1)
To generalize the formulas above to the case of a direct product of gauge groups, the following substitution rules are needed [10] . Note, we give these replacements here only for completeness and they are not sufficient in the case of several U (1) gauge groups, see sec. III for the necessary extensions. For the β functions of gauge couplings and gauginos the rules are
For all the other β functions, we need 
Taken together, these considerations allow us to deduce Eqs. (13)- (18) (Eq. (12) is trivial). We shall exemplify this for the case of 16g 4 S (R) C (R) M which for multiple factor groups is replaced by 8 b g From here it is also easy to understand why Eq. (D2) is better suited for practical purposes than the one without inverse: Indeed, the 1-1 entry of (G ′ G ′T ) −1 reveals g ′ cc in a very simple way, namely,
(the dotted term follows from symmetry) so that it is sufficient to look at the 1-1 entry of the RHS of Eq. (D2), whilst without the inverse
and in order to extract g ′ cc one has to solve a non-linear system involving all three independent entries of the RHS of Eq. (D2), namely, O 1 GG T O T 1 . At higher-loop orders, the situation becomes slightly more involved, especially if the U (1) ⊗ U (1) gauge structure is tensored with a semi-simple gauge factor G X . For example gauge-boson canonical normalization effects have to be considered at the two-loop level [39, 40] , which yields for example extra group-Casimir factors associated to G X entering formulae like Eq. (D2), see, e.g., [23] . The specific shape of these terms is, however, renormalization scheme dependent.
Thus, one concludes that the effective soft mass of the gaugino associated to the surviving gauge group U (1) c is given by the c-c entry of the M ′ mass matrix
Note that, in principle, there is no need to calculate the O 2 matrix because one can trade it for the gauge couplings and the (known) O 1 :
and thus
The main advantage of this formula is that, again, the LHS reveals (M ′ ) cc in a particularly simple manner, namely
with R 12 ≡ −g combination, the RHS of Eq. (D12) is directly connected to the initial condition.
